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We discuss a simpliﬁed version of a recently proposed Hamiltonian to describe the case
when the super-exchange interaction between diﬀerent atomic orbitals leads to frustration
because of Hund’s rule coupling. Using spin-wave theory, we demonstrate that while this
is a rather simple model which can be studied by more elaborate techniques, it contains
the essential elements of the physics present in real materials and leads to possible novel
magnetic phases.
1. Introduction
The recently discovered superconductivity in the pnictides[1] has raised a number of
theoretical issues[2–10] not only about the nature of superconductivity in these materials
but also about the nature of the magnetism[11,12] in such and related compounds. In the
formation of the conduction band of these systems, a number of atomic orbitals partic-
ipate, in particular, the ﬁve Fe d orbitals and the s and three p orbitals of the pnictide
atom. We carried out an LDA/DFT band structure calculation[13] of the Fe-As family
with our interest focused in deriving an eﬀective low energy Hamiltonian involving the
ﬁve Fe d orbitals. The electrons occupying the Fe d orbitals couple rather strongly via
the Hund’s rule coupling which is signiﬁcantly larger than any nearest neighbor (NN) or
next nearest neighbor (NNN) magnetic superexchange coupling. We ﬁnd[13,14] that the
localized spins on the diﬀerent d orbitals prefer diﬀerent types of antiferromagnetic order-
ing due to the diﬀerence in relative magnitude between NN and NNN antiferromagnetic
coupling for electrons in these ﬁve diﬀerent orbitals. However, the presence of a large
Hund’s rule coupling creates frustration. Using spin-wave theory we studied[15] the case
of two such orbitals on a square lattice coupled through Hund’s rule, such that the ﬁrst
one couples antiferromagnetically more strongly to its nearest neighbors, while the second
couples more strongly to its next nearest neighbors. We ﬁnd that the zero temperature
phase diagram has four regions, one characterized by the familiar (π, π) antiferromagnetic
order, a second by the columnar (π, 0) order, a third by a canted order and a fourth region
where a quantum-disordered state emerges.
In this paper we discuss a simpliﬁed model which captures many of the important
elements of the magnetic frustration in these materials. The model is presented in the
following section and its phase diagram is analyzed using mean-ﬁeld and spin-wave theory.
One of the main reasons for presenting it in this conference is to generate interest for
quantum or classical simulations of the model or its classical version. We will discuss the
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possible relevance of these ﬁndings for the case of Fe-pnictide based antiferromagnets and,
more generally on the nature of magnetism in the family of such materials.
2. The Minimal Model
We consider a square lattice as shown in Fig. 1 where on each site i two distinct quantum
spin variables reside, ~si and ~Si. They interact via the following Hamiltonian:
H = J ∑
<ij>
~si · ~sj + J ′
∑
<<ij>>
~Si · ~Sj − JH
∑
i
~si · ~Si. (1)
There is an antiferromagnetic (AF) interaction J (J > 0) between nearest neighbors (NN)
for the variables ~si. Furthermore, there is an AF interaction J
′ (J ′ > 0) between next
nearest neighbors (NNN) (along the diagonal of the square) for the variables ~Si. The
variables ~si and ~Si interact on-site via the Hund’s rule coupling JH (JH > 0) which tends
to align the spins ~si and ~Si on the same site.
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Figure 1. The classical ground states of the Hamiltonian given by Eq. 1 in the case of (a)
JH → 0, and (b) the canted state.
If we turn oﬀ the JH term, the other two terms in Eq. 1 decouple and the ground
state of the ﬁrst term is the familiar (π, π) order (shown as red spins in Fig. 1 (left),
where we have chosen the direction of the staggered magnetization along the x-axis) and
the ground state of the second term is the (π, 0) columnar order (shown as blue spins
in Fig. 1(left)). When the two types of spins are decoupled, the choice of direction of
the staggered magnetization for the red and blue spins is arbitrary. However, for very
small JH , the two directions should be almost perpendicular to each other as shown in
Fig. 1(left). The classical phase diagram of the model in the case when JH is non-zero is
illustrated in Fig. 2(left) as a function of the following two parameters
ζ1 ≡ JH
2J
, ζ2 ≡ JH
4J ′
. (2)
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When ζ1 > ζ2 + 2, J is weak compared to J
′ and the ground state is the (π, 0) columnar
order. In the region ζ1 < ζ2 − 2, J ′ is weak compared to J and the ground state is the
familiar (π, π) order. In the region where ζ1 − 2 < ζ2 < ζ1 + 2, there is the following
non-trivial solution
sin2(2φ) = ζ22
1− (ζ1 − ζ2)2/4
1 + ζ1ζ2
, sin2(2θ) = ζ21
1− (ζ1 − ζ2)2/4
1 + ζ1ζ2
; (3)
namely, the spins rotate towards each other by angles θ and φ as indicated in Fig. 1(right)
relative to the perpendicular orientation which corresponds to JH → 0+. When the above
condition is not satisﬁed, i.e., the values of ζ1 and ζ2 are outside of this region, one of
the two trivial solutions, (θ, φ) = (0, π/2) (i.e., the (π, π) order) or (π/2, 0) (i.e, the (π, 0)
order) is the ground state.
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Figure 2. Left: The classical phase diagram: The (π, π) and the (π, 0) phase are separated
by the canted phase. Right: The phase diagram as obtained by the spin-wave theory.
3. Application of spin-wave theory
In Ref. [15] a more general form of Hamiltonians than that given by Eq. 1 were analyzed
with the spin-wave approximation. Namely, by linearizing around the classical ground
state given by a local rotation of the spin operators ~si and ~Si by angles θ and φ and
then diagonalizing the resulting quadratic Hamiltonian by means of Bogoliubov canonical
transformation.
In general there is one acoustic and one optical spin-wave excitation and their dispersion
relations behave quite diﬀerently depending on where we are in the phase diagram. In
Fig. 3, the acoustic spin-wave velocities are shown as a function of kx and ky along the
full (non-magnetic) Brillouin zone, i.e., −1 < kx/π < 1 and −1 < ky/π < 1.
Notice in Fig. 3 that going from the (π, π) phase (top-left) to the boundary of the
(π, π) phase with the canted phase (top-right) the modes at ~k = (0, π) and (π, 0) become
soft. On the other hand going from the (π, 0) phase (bottom-left) to the canted phase
(bottom-right) the topology of the spectrum is similar. These spin-wave dispersions could
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Figure 3. The spin-wave dispersion for acoustic spin waves for the case of (a) ζ1 = 6 and
ζ2 = 10 (top-left) and for (b) ζ1 = 8 and ζ2 = 10 (top-right) (c) ζ1 = 16 and ζ2 = 8,
(bottom-left), and (d) for ζ1 = 10 and ζ2 = 10 (bottom-right).
be used to determine by inelastic neutron scattering the actual magnetic structure of the
material.
Within spin-wave theory we have calculated the staggered magnetizations m†1 and m
†
2
which are expectation values of the spin variables ~si and ~Si respectively along the locally
rotated (by angles θ and φ) quantization axes. Notice in Fig. 4 that m†1 and m
†
2 are
reduced from their classical value of 0.5 due to quantum ﬂuctuations with the largest
eﬀect inside the canted phase. As ζ1 and ζ2 increase the eﬀect of the reduction of the
staggered magnetization increases, and, thus, for large enough Hund’s rule coupling their
eﬀect destroys the long range order. As a result, the phase diagram is modiﬁed from the
classical phase diagram as shown in Fig. 2(right). In the region indicated by the question
mark the spin-wave approximation gives large zero-point ﬂuctuations and the amplitude
of the reduction of the staggered magnetization from the classical value is as large as or
larger than their classical value.
4. Conclusions
We have introduced a minimal model to describe the interplay of the super-exchange
interactions of electrons occupying diﬀerent orbitals within the same atom where the role
of Hund’s rule coupling is important. This is a typical situation in many compounds in-
cluding the Fe-pnictide based materials. Because of the fact that one of the superexchange
interactions couples NN orbitals, while the other couples NNN orbitals, the presence of
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Figure 4. The staggered magnetizations m†1 and m
†
2 for spin S1 = S2 = 1/2 and for
ζ1 = 1, 2, 4 and for various values of ζ2 which scan the (π, π) phase, the canted phase and
the (π, 0) phase. We also show the canting angles θ and φ.
Hund’s rule drives frustration which leads to novel order.
It should be of great value to pursue further studies of this model using Monte Carlo
simulation to check the results of the spin wave approximation and the nature of the
disordered state.
The observed signiﬁcantly reduced moment per Fe atom in Fe-pnictide based materials
can be understood as a result of this frustrating interactions. Furthermore, the present
study suggests that the family of these materials is in the vicinity of a canted order and
a quantum disordered phase.
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